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If G is a connected graph having no vertices of degree 2 and L(G) is its line 
graph, two results are proven: if there exist distinct edges e and f  with 
L(G) - e z L(G) -f then there is an automorphism of L(G) mapping e to f;  if 
G-u 1 G - tl for any distinct vertices u, ~1, then L(G) - e & L(G) -f for any dis- 
tinct edges e, ,1: P 1985 Academic Press. Inc 
1. INTRODUCTION 
Let G be a finite connected graph having no loops or multiple edges and 
let L(G) be its line graph. Most of the terminology and notation in this 
paper is consistent with that of Behzad [l]. We will say G is vertex-unique 
if for distinct vertices u, and v2, G - u, is not isomorphic to G - v2. 
Similarly, we will say G is edge-unique if for distinct edges e and f, G-e is 
not isomorphic to G -jY Using other terminology, Merriell [IS] proved the 
following: 
THEOREM (Merriell). A graph G is edge-unique if and only if its line 
graph is vertex-unique. 
This is a very natural result given the definition of a line graph. An 
analogous assertion, in which the roles of G and L(G) are interchanged, is 
* This work was supported by a Faculty Research Grant from the University of Wiscon- 
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G L(G) 
FIG. 1. (a) A graph G which is not vertex-unique (G - uzG - u) but whose line graph is 
edge-unique. (b) A graph G which is vertex-unique, but whose line graph is not edge-unique 
(G-e=G-f). 
more subtle. In general, the statement “a graph is vertex-unique if and only 
if its line-graph is edge-unique” is false. Figure la shows a graph which is 
not vertex-unique but whose line graph is edge-unique; Figure lb shows a 
graph which is vertex-unique, but whose line graph is not edge-unique. 
In light of these examples it would seem that no such analogue of 
Merriell’s theorem is valid. However, in the next section we will prove the 
following: 
THEOREM 2. Let G be a connected graph having no vertices of degree 2. 
If G is vertex-unique, then L(G) is edge-unique. 
The proof of Theorem 2 is based on a result about similar edges in line 
graphs which is of interest in its own right. Following Harary [4, p. 1711 
we call two vertices u, v in G similar if there is an automorphism 4 of G 
with d(u) = v; two edges e = ui u2 and f = ui v2 are similar if there is an 
automorphism 4 with #({u,, u2J)= {v,, u2). Harary and Palmer [2,3] 
noted that if e and f are edges (or vertices) in a graph with G - e E G - f, 
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then e and f are not necessarily similar. They set a goal of identifying all 
graphs for which G-es G - f implies that e and f are similar and 
proceeded to prove some theorems that give conditions on G under which 
the implication holds. 
In the next section we prove a theorem of this type: 
THEOREM 1. Let G be a connected graph with no vertices of degree 2 and 
let L(G) be its line graph. If e and f are edges of L(G) such that L(G) - e z 
L(G) -A then e and f are similar edges. 
2. PROOFS OF THE THEOREMS 
The proof of Theorem 1 depends on the Krausz decomposition of a line 
graph [ 1, p. 1901. A Krausz decomposition of L(G) is a collection of com- 
plete subgraphs of L(G) (some possibly trivial) having the following 
properties: 
Property 1. Every edge of L(G) lies in exactly one of the complete sub- 
graphs. 
Property 2. Every vertex of L(G) lies in exactly two of the complete 
subgraphs. 
Property 3. The vertices of G can be put in a one-to-one correspon- 
dence with the subgraphs of L(G) in such a way that vertices of G are 
adjacent if and only if the corresponding subgraphs have a common vertex. 
In particular, any automorphism of L(G) induces a corresponding 
automorphism of G. 
Property 4. Any four mutually adjacent vertices in L(G) belong to the 
same complete subgraph. In particular, any vertex not belonging to a par- 
ticular complete subgraph can be adjacent to at most two vertices in that 
subgraph. 
FIG. 2. The graphs which do not have unique Krausz decompositions. 
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Property 5. The Krausz decomposition of L(G) is unique, provided that 
L(G) is not one of the four graphs in Fig. 2. 
We will also use the well-known characterization of line graphs as 
graphs which contain none of nine “forbidden” induced subgraphs [ 1, 
p. 1931. Finally we will make frequent use of two further properties of line 
graphs with one edge removed. 
Property 6. Any induced subgraph of a line graph is also a line graph. 
So, if L(G) - e contains a forbidden induced subgraph then edge e in L(G) 
must join two nonadjacent vertices of that subgraph. 
Property 7. Suppose L(G) has no K,‘s in its Krausz decomposition. Let 
L(G) - e contain a vertex u of degree n >, 3 with exactly n - 1 of its 
neighbors mutually adjacent. Then either e must be incident on u (so that u 
would lie in a K, and a K3 in the Krausz decomposition of L(G)), or e must 
join two nonadjacent neighbors of u (so that u would lie in a K,, I and a 
K, in the Krausz decomposition of L(G)). 
We are now ready to prove Theorem 1. 
Proof of Theorem 1. Let e=u,u, and f=uIuZ. Let &L(G)-e+ 
L(G)-fbe an isomorphism. We will show that 4({u,, u2))= (ul, v2) and 
hence, that e and f are similar edges. 
Because G is a connected graph with no vertices of degree 2, L(G) - e is 
also connected. Note further that the assertion of the theorem is true if 
L(G) or L(G) - e is any of the graphs in Fig. 2, so we may assume that 
L(G) has a unique Krausz decomposition. The proof will be done in cases, 
based on the size of the complete subgraph K,(e) = {ul, ZQ,..., u,] in the 
Krausz decomposition of L(G) from which the edge e is removed. Since G 
has no vertices of degree 2, we need only consider the cases n > 3. In each 
case we will show that L(G) -e contains a subgraph structured so that a 
line graph with no K,‘s in its Krausz decomposition can be “recovered” 
from L(G) - e only by replacing the edge between u1 and u2. As L(G) - f is 
isomorphic to L(G) - e, L(G) - f contains an isomorphic subgraph and 
the only way to recover L(G) from L(G) - f is by placing an edge between 
$(u,) and &uz). This verifies that d({u,, uZ})= {v,, u2} as desired. 
Case I. n > 5. In this case, L(G) - e contains a forbidden induced sub- 
graph, K5 - e. By Property 6, a line graph can be recovered only by replac- 
ing the missing edge in this K,. 
Case II. n = 4. Here L(G) - e contains an induced subgraph K4 - e = 
{Ul, u2, u3, u,}, labeled as in Fig. 3. Let K,(A) = (a,, a, ,..., a, = u3) be the 
complete subgraph in the Krausz decomposition containing us, other than 
K,(e). Let K,(B) = {b,, 6, ,..., 6, = uq 1 be the complete subgraph containing 
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FIG. 3. K,(e) of Subcase II. 
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FIG. 4. (a) Subcase II.A.l. (b) Subcase II.A.2. 
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FIG. 5. (a) Subcase II.Bl. (b) Subcase II.B.2. (c) Subcase II.B.3. (d) Subcase II.B.4. 
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u4, other than K,(e). We consider subcases based on the size of m and p, 
noting that neither m nor p is permitted to equal 2. 
Subcase 1I.A m > 4 or p > 4. For definiteness, assume that m = 4. (The 
same argument can be used for m > 4.) By Property 4, there are two sub- 
cases to consider. The relevant portion of L(G) - e is illustrated in Fig. 4. 
Subcase II.A.1. Assume two vertices, say a, and a2, of K,(A) are not 
adjacent to u1 or u2. Then there are two forbidden induced subgraphs: that 
induced by {u,, u2, uj, a,) and that induced by .(ui, u2, uj, u2]. (There 
could be three, if u2a3 is absent.) By Property 6, the edge between U, and u2 
must be replaced to recover a line graph. 
Subcase II.A.2. Assume that only one vertex of K,(A), say u2, is not 
adjacent to U, or u2. Then {ul, u z, uj, a2) induces a forbidden subgraph in 
L(G) - e. By Property 4, we cannot recover a line graph by placing an edge 
between ui and a2 or between uz and a2. Again the edge between n, and u2 
must be replaced. 
Subcase 1J.B. m = 3, p = 3. To treat this, we consider four further sub- 
cases on the number of vertices in K,(A) and K,(B) adjacent to U, and u?. 
The relevant portion of L(G) -e is illustrated in Fig. 5. 
Subcase II.B.l. When K,(A) or K,(B) has no vertices adjacent to u1 or U? 
the same argument as that of Case II.A.l applies. 
Subcase II.B.2. If both K,( A ) and K,(B) have one vertex not adjacent to 
either u, or u2, say a, and b2, respectively, t(G) - e contains forbidden 
subgraphs: that induced by {u,, u2, u3, a?} and that induced by 
(u,, u2, Us, b2]. So the edge between u, and u2 must be replaced to recover 
a line graph. 
Subcase II.B.3. Assume that a, and a, of K,(A) are adjacent to u1 and 
u2, respectively, and that b, of K,(B) is adjacent to neither. Then L(G) -e 
contains forbidden subgraphs induced by (u, , u2, u4, b, ) and by 
{ Ul, u2, u3, U4? a,, a,}. Again by Property 6 the edge between ul and u2 
must be replaced. 
Subcase II.B.4. Assume that a, and b, are adjacent to u1 and that a2 and 
6, are adjacent to u2. Again L(G)-e contains forbidden subgraphs 
induced by (u,, u2, u3, u4, a,, a2} and by (u,, u2, u3, u4, b,, b,} and so the 
edge between u1 and uz must replaced. 
Subcase 1I.C. m = 3, p = 1. By Property 4, this can be considered in three 
subcases. The relevant portion of L(G) - e is illustrated in Fig. 6. 
Subcase II.C.1. Assume that neither a, nor a2 is adjacent to U, or u2. 
This case can be done using the argument of Subcase II.A.1. 
Subcase II.C.2. Assume that a, is adjacent to u, but a2 is not adjacent to 
u2. Then L(G) -e has a forbidden subgraph induced by {u,, u2, u3, a2). 
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FIG. 6. (a) Subcase ILC.1. (b) Subcase II.C.2. (c) Subcase II.C.3. 
Moreover, uq is a vertex of degree 3 having 2 neighbors that are mutually 
adjacent. Properties 6 and 7 together require that the edge between ui and 
u2 be replaced. 
Subcase II.C.3. Assume that a, is adjacent to ui and that a2 is adjacent 
to u2. Then L(G) --e has a forbidden subgraph induced by 
fu 1, u2, u3, uq, a,, u2} and uq is a vertex of degree 3 having 2 neighbors 
that are mutually adjacent. By Properties 6 and 7 we must place an edge in 
one of three places: between ui and u,; u4 and ~1,; or u4 and u2. If we place 
an edge in either of the latter two locations, then vertex u4 would be in a 
K4 and a K, in the Krausz decomposition of L(G). 
Subcase 1I.D. m = p = 1. Both u3 and u4 are of degree 3 in L(G) - e with 
2 neighbors mutually adjacent. Since u3 and u4 are already adjacent to each 
other, by Property 7 the edge between u1 and u2 must be replaced to 
recover a line graph. 
Case III. n = 3. Here L(G) - e contains as an induced subgraph the 
path ui, uj, u2. As before, let K,,,(A) = {a,, u2 ,..., a, = uj} be the complete 
subgraph in the Krausz decomposition of L(G) containing u3, other than 
K,(e). We consider subcases on the size of m. 
Subcase 1II.A. m B 4. The same argument can be applied as in Subcase 
1I.A. 
Subcase 1II.B. m = 3. 
Subcase III.B.l. Assume no vertex of K,(A) is adjacent to ui or ZQ. The 
same argument can be applied as in Subcase II.A.l. 
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FIG. 7. Subcase III.B.2. 
Subcase III.B.2. Assume that vertex a, of K,(A) is adjacent to U, and 
that a2 is not adjacent to u2. Then L(G) - e has a forbidden subgraph 
induced by {ui, z.+, u3, ~1. Refer to Fig. 7 to illustrate the following 
argument. If ui is a vertex of degree 2, then edge ui a, would have been a 
K2 in the Krausz decomposition of L(G). Therefore U, must be a vertex of 
degree 3 or more and all of its neighbors, except u3, are mutually adjacent. 
By Property 7, to recover a line graph by adding an edge, that edge must 
be incident on u i or u3. By Property 6, this edge must then be u i a2 or u i CQ. 
It cannot be ulaZ for that implies that uj is in a K, and a K, in the Krausz 
decomposition. 
Subcase III.B.3. Assume that vertices a, and a, of K,(A) are adjacent to 
u1 and u2, respectively. As in the previous case, both U, and u2 are of 
degree 3 or more with their respective neighbors, except u3, mutually 
adjacent. By Property 7, the edge between U, and u2 must be replaced. 
Subcase 1II.C. m = 1. Here L(G) - e (and L(G) -f) is itself a line graph 
with exactly two K2’s in its Krausz decomposition, namely K2(u1u3) and 
KZ(u2u3). As observed earlier, this Krausz decomposition may be assumed 
to be unique. Therefore b({u,, u2})= {ui, Q}. 
Edges e and f have been shown to be similar in all cases and the proof is 
complete. We are now able to prove Theorem 2 easily. 
Proof of Theoiem 2. The assertion is clearly true for the graphs in 
Fig. 2, so assume that L(G) has a unique Krausz decomposition. Suppose 
that L(G) is not edge-unique. Then there exist distinct edges e = ui u2 and 
f =v1v2 such that L(G) - e z L(G) - f: By Theorem 1, there is an 
automorphism 4 of L(G) such that +4((u,, u2))= (vl, u2}. Since e#f, we 
may assume with no loss in generality that d(u, ) = v, and u1 # vi. By the 
uniqueness of the Krausz decomposition, 4 must map the two complete 
subgraphs containing u i onto the complete subgraphs containing v,. 
Because U, # ui, at least one pair of these isomorphic subgraphs does not 
consist of identical subgaphs; call them K,,(A) and K,(B). Let a and b be 
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FIG. 8. A graph with no vertices of degree 2 which is not vertex-unique, but whose line 
graph is edge-unique. 
the corresponding vertices in G. By Property 3, 4 induces an automorphism 
of G with i(a) = d(b). Thus G - arG - b with a # 6, contradicting the 
assumption that G is vertex-unique and the proof is complete. 
The converse of Theorem 2 is not true. By using the method of Harary 
and Palmer [2] it is easy to construct graphs G without vertices of degree 
‘2 having vertices U, u such that G - uz G - v. Figure 8 shows one such 
graph whose line graph is edge-unique. 
The requirement that G have no vertices of degree 2 is sufficient to insure 
that when an edge e= uluz is removed from L(G) the graph L(G)-e will 
have some local structure that can appear in L(G) -f only at the vertices 
v1 and v2 where f = v, u2. Figure 9 shows what can occur if G has vertices 
e -f 
0 L(G) 
"1 "2 "1 "2 
A-0 /t&B L(G) - e 
"1 "2 
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L(G) 
FIG. 10. Graph G is vertex-unique with no vertices of degree 1 but L(G) is not edge-uni- 
que. 
of degree 2. Note that L(G) - e and L(G) -f are isomorphic by an 
isomorphism 4, but d( ( ul, uz}) # (ul, uz}. This occurs in this example 
because G also has vertices of degree 1; the removal of edge e leaves a line 
graph whose Krausz decomposition has a K, that is mapped to a K, in 
L(G)-f that is not at u, or v2. 
The authors claimed in an earlier abstract to have shown that if G is a 
connected vertex-unique graph with no vertices of degree 1, then L(G) is 
edge-unique. An error in the proof was discovered and after much effort, a 
counterexample was found. This graph and its line graph appear in Fig. 10 
with edges e and f indicated. 
The problem of determining for which graphs having vertices of degree 2 
the assertions of Theorems 1 and 2 hold appears to be difficult. 
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